The fundamental singularity theorem of FLRW cosmologies assumes that the matter content in the cosmological model obeys the strong energy condition along with a nonpositive cosmological constant which gives rise to an irrotational geodesic singularity. In this paper, we show that the important case of a spatially flat Friedmann-Lemaître-Robertson-Walker universe with barotropic matter obeying only the weak energy condition with a nonnegative cosmological constant also contains a past singularity. We accomplish this using topological methods from dynamical systems theory. The methods employed in this paper are sufficiently general that they could be extended to other models to study the existence of past singularities.
I. INTRODUCTION
Some cosmological solutions to the Einstein field equations are understood to begin at a certain cosmic time, which for the sake of simplicity is usually denoted as time t = 0, which is usually referred to as the point of time of the Big Bang [1] . The issue of singularities is important in the context of cosmology because this can possibly give us an answer to whether the Big Bang actually occurred or not.
If one considers a cosmological constant denoted by Λ and denotes the energy density and pressure of the matter in a Friedmann-Lemaître-Robertson-Walker (FLRW) universe by µ and p respectively, then the fundamental singularity theorem for FLRW cosmologies states that if Λ ≤ 0, µ + 3p ≥ 0, and µ + p > 0 (that is, the matter obeys the strong energy condition) in a fluid flow for which there is no acceleration or rotation, then an irrotational geodesic singularity will occur at a finite proper time [2] [3] [4] [5] .
With respect to Friedmann-Lemaître-RobertsonWalker (FLRW) spacetimes, the concept of initial singularities / big bang singularities has been studied a number of times in the literature in various contexts from classical general relativity to quantum cosmology . Further, the classic texts [46, 47] describe the singularity theorems in significant detail.
In this paper, we consider a k = 0 FLRW cosmology with barotropic matter, where p = wµ, and a positive cosmological constant, Λ > 0. We demonstrate that assuming only the weak energy condition (WEC) , that all such models are past asymptotic to a big bang singularity, thereby extending the classic singularity theorem as described above. Note that, throughout, we use units where 8πG = c = 1. * Electronic address: isk@mathstat.yorku.ca
II. THE DYNAMICAL EQUATIONS
Following [1, 48] , we consider an orthonormal frame approach, where one can reduce the Einstein field equations to a system of first-order, autonomous dynamical equations. Namely, one obtains the Raychaudhuri equation,θ
the Friedmann equation,
and the energy-momentum conservation equation,
Now, the advantage to considering k = 0 FLRW models, is that one can use the Friedmann equation (2) to eliminate µ from the Raychaudhuri equation (1), to obtain a single dynamical equation (after employing a barotropic equation of state, p = wµ):
The big bang singularity occurs for when θ = ∞. It is of interest to determine whether θ → ∞ is indeed a past asymptotic state of such a model. We wish to compactify this infinity by employing the following coordinate transformation, which takes place in the phase space of our ordinary differential equation. Namely, we let
Therefore, we have that
Therefore, the singularity θ = ∞ appears as X = 1 in our transformed variable. Further, under the transformation Eq. (5), the Raychauhduri equation (4) takes the forṁ
III. THE SINGULARITY AS A SOURCE OF RAYCHAUDHURI'S EQUATION
With the Raychaudhuri equation (7) in hand, we are in a position to describe its fixed points and behaviour with respect to these points. In actuality, we are only interested in the point X = 1 which corresponds to θ = ∞ in the original coordinates. To prove the existence of a big bang singularity, our goal is to show that the point X = 1 is a past asymptotic state of Eq. (7).
The first order of business is to determine whether X = 1 is indeed a fixed point of Eq. (7). Indeed, there may be some objection to this because the log function on the right hand side of Eq. (7) blows up for X = 1. However, note that
(8) Therefore, X = 1 is indeed a fixed point of Eq. (7). We have compactified the big bang singularity to being a fixed point of our transformed equation.
What remains to be done is to prove that X = 1 is a past asymptotic state of the dynamics represented by Eq. (7). The standard methodology is to first determine local behaviour, that is, whether X = 1 is a source of the system by analyzing the the sign of the first derivative of the right-hand-side of Eq. (7) at X = 1. However, this cannot be done in this case. If we denote the right-handside of Eq. (7) by f (X), then f ′ (X) is given by
which is not defined at X = 1. Further,
Therefore, a local stability analysis as suggested in [49] , for example, will not work in this case. We therefore make use of Chetaev's instability theorem to show that X = 1 is unstable, that is, it is a past state of Eq. (7). Following [50] , we note that a differentiable function f is called a Chetaev function for a singular point x 0 of a vector field v if it satisfies the following conditions: the function f is defined on a domain W whose boundary contains x 0 , then f (x) → 0 as x → x 0 , x ∈ W ; f > 0 andḟ > 0 everywhere in W . Then Chetaev's instability theorem states that a singular point for which a Chetaev function exists is unstable.
Motivated by this theorem, let us define a function Z, such that
and a domain W such that
Clearly, the boundary of W is given by
which importantly contains the fixed point X = 1.
To apply Chetaev's theorem, first note that
Further, the function Z, and its derivative,Ż = −Ẋ/X are clearly strictly positive in W (which can be seen using Eq. (7)) on the condition that −1 < w ≤ 1 and Λ > 0. For a barotropic equation of state the condition w > −1 is just the weak energy condition. The condition Λ > 0 indicates that we must have a positive cosmological constant. Therefore, we have just shown that for a positive cosmological constant and assuming that the matter distribution in our model satisfies the weak energy condition, X = 1 is indeed a source of Eq. (7). That is, there exists a one-dimensional unstable manifold of X = 1 that is tangent to the one-dimensional unstable subspace at X = 1 such that all orbits in the unstable manifold are asymptotic to X = 1 as t → −∞.
What remains to be shown is whether X = 1 is indeed asymptotically unstable. To accomplish this, we will use the LaSalle invariance principle [49] , but modified for α-limit sets. This reads as follows. Consider a dynamical system x ′ = f (x) on R n , with flow φ t . Let S be a closed, bounded, and negatively invariant set of φ t , and let Z be a C 1 monotone function, whereŻ ≤ 0. Then, for all x 0 in S, α(x 0 ) ⊆ {x ∈ S|Ż = 0}. Let Z 1 = X. Then, Z 1 is clearly monotone for X = 1 which is a local source by the preceding analysis, and is therefore a negatively invariant closed set. Therefore, applying the LaSalle invariance principle, we find that α(x) = {X = 1}. We therefore conclude that X = 1 is asymptotically unstable.
In other words, since X = 1 represents θ = ∞ in the original variable choice, we have just shown that a k = 0 FLRW model with a positive cosmological constant and barotropic matter obeying only the weak energy condition is past asymptotic to a big bang singularity.
IV. CONCLUSIONS
In this brief paper, we considered the dynamics of a spatially flat FLRW spacetime with a positive cosmological constant and matter obeying a barotropic equation of state. By performing a coordinate transformation in the configuration space on the Raychaudhuri equation in order to compactify the big bang singularity to a finite point. The fundamental singularity theorem of FLRW cosmologies assumes that the matter content in the cosmological model obeys the strong energy condition along with a nonpositive cosmological constant which gives rise to an irrotational geodesic singularity. We showed that a spatially flat Friedmann-Lemaître-Robertson-Walker universe with barotropic matter obeying only the weak energy condition with a nonnegative cosmological constant also contains a past singularity. This was demonstrated by first showing that the big bang singularity point was locally unstable using Chetaev's instability theorem. We then used the LaSalle invariance principle to show that this point is in fact an asymptotically unstable equilibrium point of Raychaudhuri's equation as applied to the model under consideration.
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